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Ferroelectric and dipolar glass phases of noncrystalline systems

G. Ayton,1 M. J. P. Gingras,2,* and G. N. Patey1
1Department of Chemistry, University of British Columbia, Vancouver, British Columbia, Canada V6T 1Z1

2TRIUMF, 4004 Wesbrook Mall, Vancouver, British Columbia, Canada V6T 2A3
~Received 24 September 1996!

In a recent Letter@Phys. Rev. Lett.75, 2360 ~1995!# we briefly discussed the existence and nature of
ferroelectric order in positionally disordered dipolar materials. Here we report further results and give a
complete description of our work. Simulations of randomly frozen and dynamically disordered dipolar soft
spheres are used to study ferroelectric ordering in noncrystalline systems. We also give a physical interpreta-
tion of the simulation results in terms of short- and long-range interactions. Cases where the dipole moment has
one, two, and three components~Ising,XY, andXYZmodels, respectively! are considered. It is found that the
Ising model displays ferroelectric phases in frozen amorphous systems, while theXY andXYZmodels form
dipolar glass phases at low temperatures. In the dynamically disordered model the equations of motion are
decoupled such that particle translation is completely independent of the dipolar forces. These systems spon-
taneously develop long-range ferroelectric order at nonzero temperature despite the absence of any fined-tuned
short-range spatial correlations favoring dipolar order. Furthermore, since this is a nonequilibrium model, we
find that the paraelectric to ferroelectric transition depends on the particle mass. For theXY andXYZmodels,
the critical temperatures extrapolate to zero as the mass of the particle becomes infinite, whereas for the Ising
model the critical temperature is almost independent of mass, and coincides with the ferroelectric transition
found for the randomly frozen system at the same density. Thus in the infinite mass limit the results of the
frozen amorphous systems are recovered.@S1063-651X~97!03807-5#

PACS number~s!: 64.70.Md, 77.80.2e, 82.20.Wt
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I. INTRODUCTION

Computer simulations of fluids of strongly interacting d
polar spheres have established the existence of a stable f
electric liquid crystal phase@1,2#. The phase is truly fluid in
that it exhibits long-range orientational~ferroelectric! order,
but only short-range spatial correlations. Interestingly,
local spatial correlations found in these ferroelectric flu
were similar to those in the ferroelectric tetragonal-I lattice,
which is the lattice structure believed to be the lo
temperature ferroelectric solid phase for dense dipolar h
spheres@3#. The translational mobility of the particles in th
fluid phase allowed specific short-ranged correlations
build up, and the system spontaneously polarized. F
these results, it was believed that the establishment o
ferroelectric liquid phase was largely driven by well-tun
specific short-range spatial correlations@4#.

On the other hand, experimental systems of near sphe
Fe3O4 magnetic particles in a frozen nonmagnetic solv
@5–7#, which interact via magnetic dipole moments, do n
exhibit a dipole-driven ferromagnetic phase upon cooli
but, rather, develop magnetic irreversibilities similar to t
situation in random magnetic systems known as spin gla
@8#. In these systems, the particles are frozen at random
cations at all temperatures, but above a certain tempera
the particle dipoles can freely rotate@9#. The simplest inter-
pretation of these results is that the lack of fined-tuned s
tial correlations inhibit the formation of long-range ferroele
tric order, while the large degree of randomness in

*Present address: Department of Physics, University of Water
Waterloo, Ontario, Canada N2L 3G1.
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positions lead to random frustration for the dipolar intera
tions and, consequently, to the formation of a ‘‘dipol
glass’’ at low temperature. The anisotropic nature of the
polar interaction would lead one to expect that the glass tr
sition in these frozen ferrofluids is of thermodynamic~as
opposed to purely dynamic! origin, and hence occurs at
nonzero glass transition temperatureTg characterized by a
divergent spin-glass susceptibility@8,10#.

To summarize, the naive picture that emerges is that so
crystalline lattices~e.g., body-centered-cubic, face-centere
cubic, tetragonal-I ) and some dipolar fluids can spontan
ously develop long-range ferroelectric order@11# because
they have ‘‘suitable’’ spatial correlations. On the other han
low-density randomly frozen dipolar systems lack these c
relations, exhibit random frustration, and therefore have
polar glass ground states@12#. Also, we would expect tha
dilution of the dipoles on a crystalline lattice, which displa
ferroelectric order for full occupation, will eventually lead t
a transition from ferroeletric order to dipolar glass below
critical occupation density, again due to the increase build
of random frustration with decreasing dipole density@5,13#.

However, in recent papers, Zhang and Widom@14,15#
proposed a mean-field theory that predicts ferroelec
phases in dipolar systems that lacked any specific sp
correlations, provided the density of the particles,r, was
above a critical valuerc . They considered amorphous solid
of dipolar hard spheres where the particles were free to
tate, but were frozen at random sites. Specifically, they
sumed complete randomness where the radial distribu
function, g(r ), describing the probability that two particle
are separated by a distancer , was set tog(r )51 for r.s,
wheres is the diameter of the sphere. Their prediction
ferroelectric phases in dipolar systems that lack any spe
o,
562 © 1997 The American Physical Society
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56 563FERROELECTRIC AND DIPOLAR GLASS PHASES OF . . .
spatial correlations suggests that a well-tuned short-ra
structure may not be necessary for ferroelectric phase for
tion. Although the experimental results on frozen ferroflu
seem to contradict this assertion, Zhang and Widom s
gested that the experimental dipole density was possibly
low ~i.e., belowrc) for ferroelectric order, and hence a d
polar glass state was found.

The role of short-range spatial correlations on ferroel
tric phase formation is still not well understood. The que
tion of whether or not dense spatially disordered dipolar m
terials can have ferroelectric phases was briefly discusse
Ref. @16#. In this paper, the effect of spatial disorder on t
phase behavior of dense dipolar systems is investigated
molecular dynamics~MD! and Monte Carlo~MC! simula-
tions. Systems where the dipole vector has one, two,
three components are considered and we refer to these a
Ising, XY, andXYZmodels, respectively. The fundament
forces that promote and destroy ferroelectric order in dipo
systems are identified and discussed.

The remainder of this paper is organized as follows.
Sec. II we briefly discuss the generic temperature vs den
phase diagram one might expect to find for diluted ferroel
tric lattices and amorphous dipolar systems. In Sec. III,
models and simulation methods employed are describ
Section IV is concerned with ferroelectric and dipolar gla
ordering found in amorphous frozen dipolar systems.
simulation technique devised to study orientational orde
spatially random media is introduced in Sec. V. The res
of these ‘‘dynamically disordered’’ simulations offer signifi
cant insight into the observed behavior of both dipolar flu
@1,2# and the dipolar amorphous solids@5–7,14#. A mean-
field theory which describes the ferroelectric transition wh
only reaction field interactions are present is given in S
VI. This helps us understand the competition between
long-range reaction field interactions and shorter-ranged c
tributions to the energy. This competition is a key featu
determining whether or not a system displays ferroelec
order. Finally, our main results and conclusions are sum
rized in Sec. VII.

II. TEMPERATURE-DENSITY PHASE DIAGRAM
IN RANDOM DIPOLAR SYSTEMS

It is useful to briefly discuss the temperatureT vs density
r phase diagram~sketched in Fig. 1! that one might expect to
observe in random dipolar systems based on our current
derstanding of randomly frustrated magnetic spin glas
@5,8,13,17#.

First, consider a Bravais lattice~e.g., body-centered
cubic!, where all sites are occupied by ann-component clas-
sical dipole such thatr5rmax. We will assume here that th
positions of the particles at the lattice sites are fixed. At h
temperature, the system is in a disordered paraelectric p
~see Fig. 1!. For a perfect lattice~all sites occupied!, a tran-
sition to a long-range ferroelectric phase occurs at some c
cal temperature,Tc @18#. As the system is diluted, a ferro
electric phase remains observable for sufficiently la
r.rc , but withTc decreasing as more sites are vacated
r decreases. In addition, the zero-temperature polariza
P(T50) decreases from its full value atr5rmax as r ap-
proachesrc from above. Based on work on spin glass
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@8,17#, we expect that upon cooling within the ferroelectr
phase, there will be a low-temperature ‘‘mixed’’ sta
(rc,r,rmax), where strong irreversibilities and glassy b
havior develops~i.e., the polarization in field-cooled an
zero-field-cooled experiments differs below the long-dash
line in Fig. 1, which is commonly referred to as the Almeid
Thouless line in the mean-field theory of Ising spin glas
@8#!. However, long-range ferroelectric dipolar order is n
lost in the mixed phase, and there is likely no decrease of
polarization upon cooling from the ferroelectric state dow
into the mixed state@17#. For r,rc , the random frustration
leads to a transition to an unpolarized dipolar glass s
characterized by an Edwards-Anderson order parameter@8#.
Most naively, we expect that the intrinsic anisotropy of d
polar interactions stabilizes a dipolar glass phase at non
temperature in the three-dimensional Ising spin glass uni
sality class@10# ~with the proviso that recent numerical wor
suggests that the existence of a thermodynamic spin-g
transition in the three-dimensional Ising spin glass isstill not
completely settled@19#!. In diluted magnetic systems with
short-range frustrated interactions, such as dilu
CdxMn12xTe and EuxSr12xS, one finds that the glass tran
sition temperature vanishes for a nonzero density,r2 , which
corresponds to a site percolation threshold@8#. For classical
dipoles,r2 is zero due to the long-range nature of the int
actions. However, for small nonclassical dipole momen
quantum effects will likely mover2 to a finite value due to
the random-transverse fields acting on each spin in the fro
state@20#.

Consider now the case of amorphous dipolar syste
where there are little or no spatial correlations among
locations of the dipoles~i.e., the dipoles are not on lattic
sites! @6#. Recently, Zhang and Widom@14,15# argued, using
a mean-field model, that frozen amorphous dipolar syste
could display spontaneous ferroelectric order for a pack
densityr.rc(n) for n51 ~Ising model! and 3 (XYZmodel!
component dipoles@14,15#. It should be noted here that on
clearly cannot make arbitrarily dense amorphous syste
lackingall spatial correlations. However, the critical dens
for ferroelectric order in amorphous Ising andXYZ systems
was found in Refs.@14,15# to be reasonably less than th
close-packed value, and it should be possible to test the
oretical predictions for a range of densities. In other wor

FIG. 1. A sketch of a possible phase diagram for spatially d
ordered dipolar systems. The various terms, symbols, and lines
referred to in the text.
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varying the temperature for sufficiently larger, one should
according to Zhang and Widom follow the trajectory (a) in
Fig. 1, and find a ferroelectric phase belowTc(r,n).

The main motivation of the present study was to inve
gate this possibility. Below, we report results from extens
computer simulations which show that for a high-dens
amorphous system, the Ising model does display a ferroe
tric transition. In fact, for the density considered, the Isi
system developed a polarization close to the full maxim
value~i.e., the Ising system considered was atr@rc). How-
ever for the same and even larger densities, we found tha
XY andXYZmodels showed instead a dipolar glass tran
tion, and no ferroelectric order was observed. Thus, th
systems followed path (b) in the phase diagram sketched
Fig. 1.

III. MODEL AND SIMULATION DETAILS

We consider systems of point dipoles embedded at
center of soft spheres. Soft spheres~ss! are defined by the
pair potential

uss~12!54«~s/r !12, ~1!

where the parameters« ands are the fundamental units o
energy and length, andr is the distance between the pa
ticles. The dipole-dipole~DD! interaction is given by

uDD~12!523~m1•r !~m2•r !/r
51m1•m2 /r

3, ~2!

wheremi is the dipole of particlei and r is the interparticle
vector. As noted above, we consider Ising,XY, andXYZ
models. In all three cases the potential is given by Eq.~2!.

All calculations were carried out employing period
boundary conditions, and the long-range dipolar forces w
taken into account using Ewald summation methods. T
dielectric constant of the surrounding continuume8, neces-
sary in the Ewald method@1,21,22#, was taken to be infinity
~i.e., conducting boundary conditions!. For the present dens
strongly dipolar systems the dielectric constants are su
ciently large that conducting boundary conditions are an
propriate choice.

The existence of a ferroelectric phase can be detecte
calculating the average polarization per particle,P, defined
as

P5
1

NK (
i51

N

m̂i•d̂L , ~3!

whered̂ is a unit vector in the direction of the total insta
taneous moment,M5( i51

N mi , andN is the number of par-
ticles in the system. In ferroelectric systems,P is nonzero,
and tends to one as the ferroelectric order increases.
disordered phase~either paraelectric or dipolar glass!, P will
be zero if the system is sufficiently large. However, in sim
lationsP must be expected to exhibit significant system s
dependence and, as demonstrated below, this must be
fully checked.

In the present work, we are also interested in the poss
ity that a system could orientationally ‘‘freeze’’ into an un
polarized state at low temperatures. Such an orientation
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frozen or dipolar glass phase can be detected by calcula
the root-mean-square~rms! dipole length^Srms&, given by
@23#

^Srms&5
1

NF(
i
(^mi&•^mi&!G1/2, ~4!

where^mi&5t21(t850
t m̂i(t8), andt is the number of MD

time steps, or MC sweeps~i.e.,N attempted moves!. Briefly,
for ferroelectric systems bothP and ^Srms& will be nonzero.
If P'0 but ^Srms& is nonzero, the system is an orientatio
ally frozen dipolar glass. If bothP and^Srms& are near zero,
the particles are freely rotating as in a plastic crystal or n
mal isotropic fluid.

Systems of dipolar soft spheres can be characterized
specifying the reduced densityr*5Ns3/V, the reduced
temperatureT*5kT/«, wherek is the Boltzmann constant
and the reduced dipole momentm*5(m2/«s3)1/2. In the
present work, the reduced dipole moment and reduced d
sity were constant atm*54 and r*50.8. This density is
well within the range where Zhang and Widom predict
ferroelectric phase. For example, the lowest density of
ferroelectric phase is predicted to ber*50.31 for the Ising
system andr*50.55 for theXYZ model @14,15#. In the
present case withm*54 andr*50.8, the theory of Zhang
and Widom predicts that the Ising model will be ferroelect
if T*<35.2, and theXYZmodel if T*<4.8 @24#.

IV. RANDOMLY FROZEN SYSTEMS

In our simulations the ‘‘randomly’’ frozen spatial struc
ture is taken to be a typical fluid configuration of soft sphe
at T*510.5 andr*50.8. Such configurations are readi
generated by MD simulation of the soft-sphere fluid. Unfo
tunately, it is impossible to have a truly random and unc
related @i.e., the radial distribution function,g(r )51 for
r*s# spatial configuration atr*50.8. The radial distribu-
tion function for a soft-sphere fluid atr*50.8 and
T*510.5 is shown in Fig. 2. Clearly, the spatial correlatio
in this system are weak and very short ranged. The p
dipoles are located at the centers of the soft spheres, init
with random orientations. Constant temperature MD simu
tions @25# were carried out for theXY andXYZmodels. The
reduced simulation time stepdt*5(«/ms2)1/2dt50.00125,
wherem is the particle mass, was used together with

FIG. 2. The radial distribution functiong(r ), for soft spheres at
r50.8 andT*510.5.
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56 565FERROELECTRIC AND DIPOLAR GLASS PHASES OF . . .
reduced moment of inertiaI *5I /ms250.025. Of course,
these MD simulations involved only rotational motion sin
the particles remain spatially frozen. Monte Carlo simu
tions were performed for the Ising model. One Monte Ca
‘‘sweep’’ consisted ofN attempted random flips of the dipo
lar orientations. Typically, the results reported involved a
ing runs of 100 000 MD time steps or MC sweeps follow
by production runs of the same length.

The average polarization as a function of 1/N for the
Ising,XY, andXYZmodels is shown in Fig. 3. The system
considered ranged from 108 to 864 particles. The polar
tion values that are plotted were obtained at the lowest t
perature where equilibrium could be achieved independen
the starting configuration. We call this temperatureTmin* . The
values ofTmin* for the Ising,XY, andXYZmodels are 10.0
4.0, and 3.5, respectively. Below these temperatures, sim
tions that were started from perfectly aligned and rand
states did not converge to the same result, at least no
simulation runs of practical length. However, the values
Tmin* attained are within the temperature range where Zh
and Widom predicted a ferroelectric phase. As discussed
low, it appears that the Ising system develops ferroelec
order with P.0 in the thermodynamic limit. In this case
Tmin* may qualitatively correspond to the long-dashed line
Fig. 1.

From Fig. 3 we see that the Ising model atTmin* 510.0 is
almost completely polarized, and shows little or no syst
size dependence. A detailedP vs T* plot for the frozen
N5256 Ising system is given below~see Fig. 7!. It can be
seen that ferroelectric order develops spontaneously in
system atT*'25. This transition temperature is significant
lower than that~i.e., T*535.2) predicted by the theory o
Zhang and Widom. Returning to Fig. 3, we see that theXY
andXYZmodels atTmin* show significant polarization for the
108- and 256-particle systems. However, in both cases
polarization decreases monotonously with increasing sys
size, and appears to approach zero in the thermodyna
limit. The observed polarization of theXY model is strongly
dependent on system size, decreasing from;0.49 for
N5256 to ;0.10 for N5864. The polarization for the
XYZ model shows a similar, although not as pronounc
system size dependence.

Further information about the behavior of theXYZ and

FIG. 3. The polarizationP at Tmin* vs 100/N for the randomly
frozen Ising~circles!, XY ~squares!, andXYZ ~triangles! models.
Results are included for 108 (XYZ only!, 256, 500, and 864 par
ticles.
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XY models can be obtained by examining the tempera
dependence of ^Srms&. Results for the XYZ model
(N5256) are shown in Fig. 4. These results were obtain
for samples initially begun with random dipolar orientation
We see that̂Srms& is zero at high temperatures, as expect
but becomes nonzero and grows with decreasingT* at lower
temperatures. A similar behavior was observed for
XYZ system with 864 particles, and for theXY model. The
growth of ^Srms& at low temperatures without a correspon
ing development of polarization provides qualitative e
dence that theXYZ andXY models freeze orientationally to
form dipolar glasses.

To summarize, atr*50.8 we find no evidence of ferro
electric states in the thermodynamic limit for the random
frozenXYZ andXY models. This clearly disagrees with th
theory of Zhang and Widom, which predicted that theXYZ
model should have a stable ferroelectric phase in the t
perature range we consider. Additional MD calculations
r*51.05 were carried out for theXYZmodel, but again no
ferroelectric behavior was observed. The Ising model d
have a ferroelectric phase; however, atr*50.8 spontaneous
polarization was observed atT*'25, which is much lower
than the transition temperature predicted by Zhang and
dom.

V. DYNAMICALLY DISORDERED SYSTEMS

In the simulations described above, a configuration w
selected from a MD simulation of soft spheres atr*50.8
andT*510.5, and was then used as a ‘‘typical’’ random
frozen system. Point dipoles were embedded at the cente
the soft spheres and rotational MD or MC simulations we
performed. Ideally, as in spin glass models@8#, many ~i.e.,
100–1000! randomly frozen configurations should be used
obtain accurate values of the ‘‘disorder-averaged’’ polari
tion. However, for the dipolar systems considered here
would be a very laborious procedure requiring many lo
simulations.

As an alternative approach to the study of orientatio
ordering in random media, we have used a MD simulat
technique where the rotational and translational equation
motion are completely decoupled. That is, we consider
poles embedded in a dynamic random ‘‘substrate’’ rat
than in a frozen system. The underlying soft-sphere subst
is a simple fluid. It has no long-range positional correlatio
and the short-range correlations are not influenced by

FIG. 4. The root-mean-square dipole length^Srms& for the frozen
XYZmodel withN5256.
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dipolar interactions~i.e., the spatial correlations are identic
to those of a soft-sphere model@Eq. ~1!# at a given density
and translational temperature!. However, the ‘‘equilibrium’’
state of the dipoles will depend on the underlying motion
the substrate. This model is similar in spirit~but not equiva-
lent to due to its lack of obvious energy currents! to those
used in recent studies of nonequilibrium phase transition
magnetic systems subject to Le´vy flights @26#. It is funda-
mentally different from dipolar fluid simulations in that th
spatial structure is not affected by dipole-dipole interactio
but it is also not an amorphous solid simulation since
particles move.

With this technique, we can gain a good deal of insig
into the role of short-ranged spatial correlations on ph
behavior. By controlling the rate that the substrate mo
relative to the rate of dipolar reorientations, we can eff
tively ‘‘turn on’’ or ‘‘turn off’’ the specific details of the
random spatial structure which the dipoles ‘‘see.’’ T
implementation is straightforward. The force between t
particles is simply given by

f~12!52“russ~12!, ~5!

whereuss(12) is the soft-sphere potential defined above. T
torques are given by the dipole-dipole interactions. The s
tial structure of the system is then determined only by
soft-sphere part of the pair potential. The translational a
rotational temperatures are decoupled such that the stru
and motion of the substrate is not affected by changes in
rotational temperature. The rate at which the substrate mo
relative to the dipolar reorientations can be varied by cha
ing the particle mass. Obviously, since it is a classical flu
adjusting the particle mass will have no effect on the eq
librium structure of the soft-sphere substrate. For la
masses, the substrate changes slowly relative to dipole r
entations. An extrapolation to the infinite mass case wo
give results of a randomly frozen system. For light mass
the substrate moves rapidly relative to dipole reorientatio
The substrate motion may be so rapid that the dipoles ca
react to structural details, and a mean-field-like limit
reached@26#. Thus, from a dipole’s point of view, increasin
the mass effectively ‘‘turns on’’ the specific structural deta
of its surrounding dipolar environment. The moving su
strate is a means of simulating dipolar systems in a dyna
cally random medium that lacks any specific spatial corre
tions. Clearly, in these systems positional correlations wh
favor ferroelectric order are not present initially and, due
the decoupling, such correlations cannot develop as the
tem evolves. Contact with the randomly frozen systems
be made by examining the behavior at intermediate ma
and then extrapolating to the infinite mass limit.

In the decoupled MD simulations, the underlying su
strate is a soft-sphere fluid atr*50.8 and T* (trans-
lational)510.5. All decoupled simulations were carried o
using the reduced time stepdt*5(«/m8s2)1/2dt
50.001 25, and the reduced moment of inertiaI *5I /m8s2

50.025. The equations of motion of the soft-sphere subst
were written in terms of the reduced mass,m*5m/m8,
which could be varied to change the rate of translatio
motion of the substrate. Note thatI * and the rotational equa
tions of motion which govern the dipoles have no dep
dence onm* .
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P versusT* ~rotational! for theXYZmodel is plotted in
Fig. 5. Systems with particle massesm*51, 5, and 10 are
included. Clearly, spontaneous polarization develops for
systems, and the temperature at whichP begins to rise de-
creases with increasing mass. Form*55, the transition oc-
curs at T*'0.55, and for m*510, at T*'0.25. For
m*51, we have also calculated the Binder ratiogBinder, de-
fined as@8#

gBinder5
5
22 3

2 ^uM u4&/^uM u2&2, ~6!

for systems with 64, 108, and 256 particles. A plot
gBinder vs T* is included as an inset in Fig. 5. A clear cros
ing, and hence a thermodynamic transition, atT*'1.9 is
evident.

XYZ systems with larger masses~up to m*520) were
investigated, but all were disordered aboveT*50.1. Below
T*50.1, calculations for very large masses converged
slowly to be useful. Similar results were obtained wi
N5108-, 256-, and 500-particle systems, and the polar
tion showed no significant dependence on system size.
results shown in Fig. 5 strongly suggest that for any fin
mass theXYZ model will spontaneously polarize at som
rotational temperature, but as the mass becomes very l
the transition temperature will approach zero. As sho
in Fig. 6, the dynamically decoupledXY model behaves
much as theXYZ system. It can be seen that system

FIG. 5. P vs T* ~rotational! for dynamically randomXYZ sys-
tems. The squares, triangles, and circles are form*51, 5, and 10,
respectively. The error bars represent one estimated standard d
tion. gBinder vs T* ~rotational! is shown in the inset forN564
~squares!, 108 ~triangles!, and 256~circles! particles.

FIG. 6. P vs T* ~rotational! for dynamically randomXY sys-
tems. The squares, triangles, and circles are form*51, 5, and 10,
respectively. The error bars represent one estimated standard d
tion.
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56 567FERROELECTRIC AND DIPOLAR GLASS PHASES OF . . .
with m*51, 5, and 10 spontaneously polarize
T* (rotational)'6, 2, and 1.8. Again, the transition temper
ture decreases with increasing mass.

In the Ising model the potential does not vary as a c
tinuous function of orientation, and hence this model is
well suited to MD simulations. Therefore, a MC scheme w
devised that allowed the substrate to move independentl
the Ising dipoles. This involved combining a soft-sphere M
simulation with a MC Ising dipole simulation. The sof
sphere substrate evolved as in theXY andXYZ decoupled
calculations, however, after each MD time step,N attempted
dipole flips~one MC sweep! were performed using the usu
Metropolis Monte Carlo method@25#. In Fig. 7, P vs T*
~rotational! results are plotted form*51 and 5 and the ran
domly frozen system~i.e.,m*5`). We see that the orderin
behavior of the Ising model is essentially independent
mass@27# and that the results for the dynamically disorder
systems lie very close to those for the randomly frozen ca
Reduced constant volume heat capacities per part
CV /Nk, obtained by numerically differentiating the avera
dipolar energy with respect to the rotational temperature,
also shown in Fig. 7~see inset! @28#. The randomly frozen
and m*55 results are very similar, and indicate a pha
transition atT*'25.

The dependence of the ferroelectric transition tempera
TF* ~rotational! on particle massm* for the XY and XYZ
models is shown in Fig. 8. The transition temperatures w
estimated from heat capacities~see Fig. 8, inset! obtained
from numerical differentiation of the dipolar energy per pa
ticle. Results for the Ising system are not plotted because
transition temperature is essentially independent of the m
@27#. As the mass increases, the transition temperature d
for both theXY andXYZmodels. As noted earlier, for larg
masses and low rotational temperatures, convergence
comes prohibitively slow, but it seems reasonable to ass
that the graph would simply continue with the transition te
perature approaching zero in the infinite mass limit. This
clearly consistent with the fact that we did not find a ferr
electric phase for randomly frozen systems at finite temp
tures.

VI. MEAN-FIELD THEORY: ISOLATING THE EFFECT
OF LONG-RANGE INTERACTIONS

In order to understand the simulation results discus
above better, it is useful to consider a simple mean-fi

FIG. 7. P vs T* ~rotational! for the Ising model. Results ar
shown for dynamically random systems withm*51 ~squares! and
5 ~triangles! and for the randomly frozen case~solid circles!. The
reduced heat capacities per particle,CV /Nk, are plotted vsT* ~ro-
tational! in the inset.
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theory for a system where only long-range reaction field
teractions are included. The properties of such a system
completely independent of spatial structure, and it is instr
tive to compare its behavior with the simulation results
the various models.

We considerN particles in a spherical cavity of radiu
r c , surrounded by a continuum of dielectric constante8. The
reaction fieldR within the cavity arises from the polarizatio
of the surroundings by the dipoles in the sphere, and is gi
by @25,29#

R5 f ~e8!M /r c
3 , ~7a!

where

M5(
i51

N

mi , ~7b!

is the total dipole moment of the sphere a
f (e8)52(e821)/(2e811). If, as in the simulations,
e85`, then f (e8)51, and we shall write all further expres
sions for this specific case. It is also obvious from the de
nition of f (e8) that, as e8 increases,f (e8) rapidly ap-
proaches 1 and becomes effectively independent of the e
value of e8. This is the justification mentioned above fo
using e85` in simulations of dipolar systems with larg
dielectric constants.

The total instantaneous energy of the system,U, can be
written in the form

U52 1
2(
i51

N

mi•R, ~8!

where the factor12 arises when one calculates the energy o
point dipole in a reaction field@25,29,30#. It takes account of
the work required to polarize the surrounding continuu
Clearly, the low-energy state is when the dipoles are alig
with the reaction field. Using Eqs~7!, U can be expressed in
the form

U52
2p

3
rm2

1

N(
i51

N

(
j51

N

m̂i•m̂j , ~9!

FIG. 8. The mass dependence of the disordered-to-ferroele
transition temperatureTF* ~rotational!. The squares and triangles a
results for theXY and XYZ models, respectively. The values o
TF* were obtained from plots of the heat capacity,CV /Nk, vs T*
~rotational!, and a typical example is shown in the inset. The er
bars represent estimated uncertainties in the peak position.
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where we have also usedN54pr c
3r/3 andr5N/V.

In the canonical ensemble, the average polarization ca
obtained by evaluating

P5
*Pinse

2bUdVN

*e2bUdVN , ~10!

where Pins5(1/N)( i51
N µ̂ i•d̂ is the instantaneous polariza

tion, anddVN represents integration over the angular co
dinates of theN particles~here d̂ defines thez axis of the
coordinate system!. If we make the mean-field approxima
tion @31#

~ µ̂ i2Pd̂!•~ µ̂ j2Pd̂!50, ~11!

then Eq.~9! simplifies to

U'2
4p

3
rm2P(

i51

N

µ̂ i•d̂1
2p

3
m2NP2, ~12!

and Eq.~10! can be easily solved forP. Actually, here we
dealing with an effective infinite-range system where ea
dipole is coupled with every other dipole with the couplin
constant 2prm2/3N @see Eq.~9!#. In this infinite-range case
the mean-field solution is equivalent to the Hubba
Stratonovich solution and is essentially exact@32#. For the
XYZ, XY, and Ising models, respectively, one obtains

P5coth~x!21/x, ~13a!

P5
I 1~x!

I 0~x!
, ~13b!

P5tanh~x!, ~13c!

where x54prbm2P/3 and I n(x) is the modified Besse
function of ordern. The average energy per particle is giv
by

^U&/N522prm2P2/3, ~14!

and the constant volume heat capacity can be obtained
taking the derivative with respect to temperature.

The mean-field theory predicts ferroelectric transitions
all three models. By expanding Eqs.~13! aboutx50, one
finds that the mean-field ferroelectric transition temperatu
are given by

TF*54pr*m* 2/3n, ~15!

wheren is the number of dipole components. For the Isi
and XYZ models, Eq.~15! agrees with the ‘‘conventiona
mean field’’ results given by Zhang and Widom@15#. For the
present parameters (m*54, r*50.8) the transition tempera
tures obtained are 17.9, 26.8, and 53.6 for theXYZ, XY, and
Ising models, respectively. We emphasize that the driv
force for the transition in this simple theory is just the rea
tion field due to the self-consistent polarization of the s
rounding continuum.

It is clear from the above discussion that the reaction fi
interactions favor ferroelectric order for all three mode
However, as described in Secs. IV and V, computer simu
be
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tions of randomly frozen or dynamically decoupled syste
indicate the existence of ferroelectric order only for the Isi
model. Ferroelectric phases were not observed for theXY
and XYZ models, and the MD evidence strongly sugge
that these systems are unpolarized at all finite temperatu
This behavior can be explained if we consider that the re
tion field R is only one contribution to the total local fiel
Elocal experienced by a particle. The local field can be writt
as

Elocal5R1E, ~16!

where the remaining contributionE is dependent on posi
tional correlations, and may or may not favor ferroelect
order. If R dominates, ferroelectric phases are to be
pected. However, if the local field is largely determined
E, then the existence, or nonexistence of ferroelectric pha
will depend on the details of the spatial correlations~e.g., as
in Bravais lattices!.

From this point of view, it is useful to divide the averag
energy obtained in the simulations into reaction field~RF!
and structurally dependent~SD! parts such that

^U&5^URF&1^USD&. ~17!

Of course,̂ URF& depends only on particle orientation wit
respect toR, whereaŝUSD& will be sensitive to details of the
local spatial structure experienced by a particle. The to
energy and both contributions obtained in dynamically d
coupled simulations of all three models are shown as fu
tions ofT* ~rotational! in Fig. 9. Results for different value
of the reduced mass are included. For all three models we
that ^URF& dominates in the ferroelectric state, and th
^USD& dominates in the paraelectric phase. In fact, in
cases, as the system becomes ferroelectric^USD& increases
~i.e., becomes less negative!, indicating that the structurally
dependent interactions do not favor ferroelectric order.

For theXYZ @Fig. 9~a!# andXY @Fig. 9~b!# models, the
different contributions to the energy are strongly mass
pendent. As the mass increases, and the particles move
and more slowly,̂USD& dominates at lower and lower rota
tional temperatures. Thus, if we begin at a fixed rotatio
temperature in the ferroelectric phase and increase the m
the dipoles eventually respond to the details of the rand
local structure,̂USD& dominates, and the ferroelectric pha
disorders. The Ising model does not exhibit this behavior
the Ising case both contributions to the energy are larg
independent of mass@Fig. 9~c!#, and a stable, mass
independent, ferroelectric phase is observed. The differe
in behavior of the Ising model must arise from the fact th
with only two dipolar directions available, its response
local structure is much more limited than that possible
theXY andXYZ systems.

VII. SUMMARY AND CONCLUSIONS

In this paper, we used computer simulation methods
explore the phase behavior of spatially disordered dipo
systems. Both randomly frozen and dynamically disorde
models were considered. It was found that the behavior
served depended upon the number of components inclu
in the dipoles. Ferroelectric phases were not observed for
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randomly frozenXY andXYZmodels. Rather, these system
appear to freeze orientationally into dipolar glasses as
temperature is lowered. The behavior of the randomly fro
Ising model was significantly different. This model do
have a stable ferroelectric phase at sufficiently low tempe
tures.

FIG. 9. The contributions to the average energy for theXYZ ~a!,
XY ~b!, and Ising~c! models.T* is the rotational temperature. Th
solid, crossed, and open symbols denote^U&, ^USD&, and ^URF&,
respectively. The squares, triangles and circles indicatem*51, 5,
and 10, respectively.
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We also considered dynamically disordered syste
simulated such that the translational motion of the partic
was independent of the dipolar forces. The rate of tran
tional motion was adjusted by varying the particle mass.
teracting dipoles embedded in this moving substrate can
spond to the short-range spatial structure only if the mot
is sufficiently slow. For small masses~rapid translational
motion!, ferroelectric phases were observed for all thr
models. However, as the mass is increased and the dip
become ‘‘aware’’ of the short-range random structure,
ferroelectric order is destroyed in theXY andXYZmodels.
In the infinite mass limit both theXY andXYZmodels ap-
pear to be paraelectric at all temperatures. This is consis
with our observations for randomly frozen systems. In co
trast, the Ising model exhibits a paraelectric-to-ferroelec
transition at a temperature which is essentially independ
of mass, and agrees with the result for the randomly fro
case.

In order to understand our observations, it is useful
divide the total local field experienced by a dipole into tw
parts. These are a reaction field contribution which has
dependence on the local spatial structure, and a struct
dependent part which includes everything else. Clearly,
average total energy can be divided into corresponding re
tion field and structure-dependent contributions. Both con
butions to the total energy were evaluated in our simulatio
In all systems where ferroelectric order exists, it was sho
to be stablized by the reaction field interactions. In spatia
random systems, the structure-dependent contribution n
favors ferroelectric order. In theXY andXYZ models, the
structure-dependent part dominates, and paraelectric dip
glasses rather than ferroelectric phases are observed. Fo
Ising model, the reaction field contribution dominates, a
ferroelectric order is observed. In all likelihood, the Isin
model differs from theXY andXYZsystems simply becaus
with a one-component dipole the opportunities for stro
local interactions are severely limited.
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